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We prove that if X is a paracompact space which has a neighborhood assignment x → Hx
such that for each y ∈ X the closure of the set {x ∈ X: y ∈ Hx} is compact then the
products T × X , for every paracompact space T , and Xω are paracompact. The ﬁrst result
answers a problem of H. Junnila.
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Let us denote by P the class of all spaces whose Cartesian product with every paracompact space is paracompact. The
general question is to characterize the class P and to verify whether the class is closed with respect to closed mappings and
Xω is paracompact provided that X belongs to P , see some related results [1–4,9–14]. We adopt the topological terminology
from [5] and set-theoretical from [8]. By a P -space we mean a space whose topology is closed with respect to countable
intersection. In the sequel ω and ω1 stand for the ﬁrst inﬁnite ordinal number and the ﬁrst uncountable ordinal number,
respectively. The set of natural numbers we denote by N . All spaces considered in the paper are regular. If A is a set then
the symbol |A| stands for the cardinality of A.
For a topological space X we shall use notion of the G(DC, X) game, introduced by R. Telgarsky in [14]. Let us recall that
G(DC, X) is a game with two players. The ﬁrst player chooses odd numbered closed subsets Fn of X and the second player
chooses even numbered closed subsets Fn of X such that:
(i) each set selected by the ﬁrst player is a discrete union of compact sets,
(ii) F2k+1 ∩ F2k+2 = ∅, for k ∈ N ∪ {0},
(iii) F2k+1 ⊂ F2k , for k ∈ N ,
(iv) F2(k+1) ⊂ F2k , for k ∈ N .
We say that the ﬁrst player wins the game if
⋂{F2k: k ∈ N} = ∅. The second player wins the game if ⋂{F2k: k ∈ N} 	= ∅.
We say that a ﬁnite sequence (F1, F2, . . . , Fi) of closed subsets of X is admissible if the sets of it satisfy the rules of the
G(DC, X) game. We say that the ﬁrst player has a winning strategy if there is a function s assigning to each admissible
sequence (P1, P2, . . . , P2k) a discrete union of compact sets s(P1, . . . , P2k) = P2k+1, which is a subset of P2k , for k ∈ N , such
that for each sequence (Fn)∞n=1, where (F1, F2, . . . , Fi) is admissible for each i ∈ N and s(F1, F2, . . . , F2k) = F2k+1 for each
k ∈ N , we have ⋂{F2k: k ∈ N} = ∅.
In [4] we proved that if X is an ω1-metrizable space then X ∈ P if and only if there is a neighborhood assignment
x → Hx such that for every inﬁnite subset A of X the intersection ⋂{Ha: a ∈ A} is empty.
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X belong to P provided that X has a neighborhood assignment x → Hx such that for each y ∈ X the set {x ∈ X: y ∈ Hx}
is compact. He considered such a “co-compact” neighborhood assignment in [6] and [7]. Every space which has a closure-
preserving closed cover by compact sets has such a “co-compact” assignment. This immediately follows from [15, Theo-
rem 10].
Junnila also asked if the assumption that X is paracompact and has the co-compact assignment implies that the ﬁrst
player in the game G(DC, X) has a winning strategy.
The aim of this note is to prove the following result:
Theorem 1. If X is a paracompact space which has a neighborhood assignment x → Hx such that for each y ∈ X the set Z y =
{x ∈ X: y ∈ Hx} is compact then the ﬁrst player in the game G(DC, X) has a winning strategy.
Remark 1. The referee pointed out to me that the proof of Theorem 1 works for subparacompactness.
From the Telgarsky’s result, see [14], it follows:
Corollary 1. Under the assumptions of Theorem 1 X belongs to P .
From Theorem 1 and the Tanaka’s result, see [12], it follows:
Corollary 2. Under the assumptions of Theorem 1 the product Xω is paracompact.
Remark 2. The last result is, in a way, a generalization of Theorem 2 from [4].
Proof of Theorem 1. We shall need the following lemma:
Lemma. Let X , {Hx: x ∈ X} and {Z y: y ∈ X} be such as in Theorem 1, (Dn)∞n=1 be a sequence of decreasing closed sets and (xn)∞n=1 a
sequence of points of X such that xn+1 ∈ Dn ⊂ Hxn and Zxn ∩ Dn+1 = ∅, for n ∈ N. Then the intersection
⋂{Dn: n ∈ N} = ∅.
Proof. If there is y ∈⋂{Dn: n ∈ N} then {x1, x2, . . .} ⊂ Z y . Since Z y is compact, there exists an accumulation point z of
(xn)∞n=1. Hence we can ﬁnd xi ∈ Hz . Since (Dn)∞n=1 is a decreasing sequence of closed sets and xn+1 ∈ Dn , we conclude that
z ∈⋂{Dn: n ∈ N}. From xi ∈ Hz it follows that z ∈ Zxi . On the other hand Zxi ∩ Di+1 = ∅, contradiction. 
Without loss of generality we can assume that Hx is open for each x ∈ X . Let us ﬁx a 1–1 function f from N onto N × N
such that if f (n) = (i, j) then max{i, j}  n. We shall deﬁne a winning strategy of the ﬁrst player. In the sequel we shall
need the following facts:
Fact 1. If E = {Et : t ∈ T } is a locally ﬁnite family consisting of compact sets in a topological space Z then there is a partition of T into
countable subsets T =⋃{Tc: c ∈ C} such that for every T ′ ⊂ T satisfying |T ′ ∩ Tc | 1, for c ∈ C, the family {Et : t ∈ T ′} is discrete.
Proof. The fact is well known. We give the proof only for the sake of completeness. Let R be a relation on T deﬁned by
the formula: tRt′ if there exist t = t1, t2, . . . , tn = t′ such that Eti ∩ Eti+1 	= ∅, for i = 1,2, . . . ,n− 1. Then R is an equivalence
relation. The classes of abstraction give us the partition. 
From Fact 1 it follows:
Fact 2. Under the notation of Fact 1 there is a sequence (En)∞n=1 of discrete, in Z , subfamilies of E such that E =
⋃{En: n ∈ N}.
Put F0 = X and let K1 be a closed locally ﬁnite cover of X reﬁning {Hx: x ∈ X}. For each K ∈ K1 ﬁx xK such that
K ⊂ HxK . Put Z(K ) = K ∩ ZxK and Z(K1) = {Z(K ): K ∈ K1}. Then Z(K1) is a locally ﬁnite family in X consisting of
compact sets. By Fact 2, there is a partition {K1n: n ∈ N} of K1 such that {Z(K ): K ∈ K1n} is discrete for each n ∈ N . Player
I chooses S1 =⋃{Z(K ): K ∈ K11} and player II chooses a closed F1 disjoint from S1. Let us suppose that the sequence
(S1, F1, S2, F2, . . . , Si, Fi) is deﬁned according to the rules of the game G(DC, X) and are deﬁned a closed locally ﬁnite
family K j and {Z(K ): K ∈ K j} such that the following conditions are satisﬁed:
(1) if 1 < j  i and K ∈ K j−1 then K(K ) is a closed locally ﬁnite cover of K ∩ F j−1 such that for each K ′ ∈ K(K ) there is
xK ′ ∈ K ∩ F j−1, K ′ ⊂ Hx ′ , Z(K ′) = K ′ ∩ Zx ′ and K j =
⋃{K(K ): K ∈ K j−1},
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n ∈ N ,
(3) if 1 < j and f ( j) = (k, l) then S j =⋃{Z(K ): K ∈ Kkl } and F j is a closed subset of F j−1 disjoint from S j and selected
by the second player.
The conditions (1)–(3) describe the procedure of construction the desired objects for i + 1.
Claim.
⋂{Fn: n ∈ N} = ∅.
Suppose that there exists y ∈⋂{Fn: n ∈ N}. By the induction we can ﬁnd (Kn)∞n=1 and (xn)∞n=1 such that y ∈ Kn ∈ Kn ,
xn+1 ∈ Kn ⊂ Hxn and Kn+1 ∈ K(Kn). Indeed, since K1 is a cover of X reﬁning {Hx: x ∈ X}, we shall ﬁnd y ∈ K1 ∈ K1 and x1
such that y ∈ K1 ⊂ Hx1 . Suppose that (Kn) and (xn) are deﬁned. Then we can extend our construction because K(Kn) is a
cover of K ∩ Fn and for each K ′ ∈ K(Kn) there is xK ′ ∈ Kn ∩ Fn and K ′ ⊂ HxK ′ .
We shall deﬁne a strictly increasing sequence (nm)∞m=1 such that Zxnm ∩ Knm+1 = ∅. Put n1 = 1. Then Zxn1 ∩ Kn1 ∈ Z(K1) =⋃{Z(Kn1): n ∈ N}. There exist i and (i1, i2) such that f (i) = (i1, i2) and (Zxn1 ∩ Kn1 ) ∈ Z(K
i1
i2
). Put n2 = max{n1, i} + 1.
Since Fi is disjoint from Si and Zxn1 ∩ Kn2 ⊂ Zxn1 ∩ Kn1 ⊂ Si , K ⊂ Fi for K ∈ K j and j  i + 1, we infer that Zxn1 ∩
Kn2 = ∅. If n1,n2, . . . ,nk are deﬁned then there exist l, (l1, l2) such that f (l) = (l1, l2) and (Zxnk ∩ Knk ) ∈ Z(K
l1
l2
). Put nk+1 =
max{nk, l} + 1. We have Zxnk ∩ Knk+1 = ∅.
Observe that for each m > 1 we have xnm ∈ Knm−1 ⊂ Knm−1 , so by lemma
⋂{Knm : m ∈ N} = ∅, which contradicts y ∈⋂{Knm : m ∈ N}.
Remark 3. In [4] we asked if the results of [4] can be extended to the class of paracompact P -spaces. The answer is
obviously negative because there is a scattered paracompact P -space which, by the Telgarsky’s result belongs to P and
without neighborhood assignment x → Hx such that for every inﬁnite subset A ⊂ X the intersection ⋂{Ha: a ∈ A} = ∅.
Remark 4. There is a separable space X ∈ P without a neighborhood assignment deﬁned in Theorem 1 of weight ω1.
Proof. If I is the unit interval then X is a subspace of Iω1 deﬁned by the formula X = {0} ∪ {xα: α < ω1} ∪ A, where A
is a countable dense subset of Iω1 with coordinates different than 0 and 1, the symbol 0 stands for the point with all
coordinates equal to zero and xα is such a point that xα(γ ) = 0 if γ  α + 1 and xα(γ ) = 1 otherwise. In order to show
that X does not have the neighborhood assignment deﬁned in Theorem 1 it is enough to observe that X is not σ -compact.
The space X belongs to P because complement of each neighborhood of the point 0 is countable. 
References
[1] K. Alster, On Michael’s problem concerning the Lindelöf property in the Cartesian products, Fund. Math. 121 (1984) 149–167.
[2] K. Alster, On the class of all spaces of weight not greater than ω1 whose Cartesian product with every Lindelöf space is Lindelöf, Fund. Math. 129 (1988)
133–140.
[3] K. Alster, G. Gruenhage, Products of Lindelof spaces and GO-spaces, Topology Appl. 64 (1995) 23–36.
[4] K. Alster, On the class of ω1-metrizable spaces whose product with every paracompact space is paracompact, Topology Appl. 153 (2006) 2508–2517.
[5] R. Engelking, General Topology, revised and completed ed., Heldermann, Berlin, 1989.
[6] H. Junnila, Neighbornets, Paciﬁc J. Math. 76 (1) (1978) 83–108.
[7] H. Junnila, Metacompactness, paracompactness and interior preserving open covers, Trans. Amer. Math. Soc. 249 (2) (1979) 373–385.
[8] K. Kunen, Set-Theory: An Introduction of Independence Proofs, North-Holland, Amsterdam, 1980.
[9] T.C. Przymusin´ski, Products of normal spaces, in: Handbook of Set-Theoretic Topology, North-Holland, Amsterdam, 1984, pp. 781–826.
[10] H. Tamano, On paracompactness, Paciﬁc J. Math. 10 (1960) 1043–1047.
[11] H. Tamano, On compactiﬁcations, J. Math. Kyoto Univ. 1–2 (1962) 162–193.
[12] H. Tanaka, A class of spaces whose countable product with a perfect paracompact space is paracompact, Tsukuba J. Math. 16 (2) (1992) 503–512.
[13] R. Telgarsky, C -scattered and paracompact spaces, Fund. Math. 73 (1971) 59–74.
[14] R. Telgarsky, Spaces deﬁned by topological games, Fund. Math. 88 (1975) 193–223.
[15] Y. Yajima, On spaces which have a closure-preserving cover by ﬁnite sets, Paciﬁc J. Math. 69 (1977) 571–578.
